ABSTRACT Multicarrier faster-than-Nyquist (MFTN) signaling is a spectral efficient transmission scheme for future communication systems. Similar as general multicarrier signals, the high peak-to-average power ratio (PAPR) is also one of the main drawbacks of MFTN signals. Unfortunately, the PAPR problem in MFTN signaling system has rarely been considered in the literatures. In this paper, we investigate the PAPR reduction for MFTN signals. First, we derive an inverse fast Fourier transform (IFFT)-based implementation of the MFTN transmitter. Based on which, a novel partial transmit sequence (PTS) scheme is proposed for the PAPR reduction of MFTN signals. The proposed PTS scheme relies on a two-stage optimization of the phase weighting factors for the parallel IFFT blocks as well as the phase weighting factors for the information symbols before the summation operation. It is shown that the proposed scheme substantially outperforms the direct employment of conventional Nyquist multicarrier transmission systems-based PTS scheme and also robust to the overlap-add operation introduced by pulse shaping.
I. INTRODUCTION
Multicarrier faster-than-Nyquist (MFTN), also known as time-frequency packing (TFP), is a spectral efficient transmission scheme for future communication systems. By introducing time interval packing between adjacent symbols/pulses and/or frequency spacing packing between adjacent subcarriers, the spectral efficiency of MFTN could be substantially improved than conventional Nyquist communication systems [1] , [2] . Due to this reason, the MFTN has been recently regraded as one of the candidate waveforms for next generation (5G) mobile communication systems [3] - [5] . Moreover, it also attracts wide interests in satellite communication as well as fiber communication systems [6] - [9] . However, similar as general multicarrier transmission systems, the MFTN signals also suffer from high peak-to-average power ratio (PAPR) [10] . The high PAPR may result in serious signal distortion by the nonlinear devices such as high power amplifier (HPA) or analog-todigital converter (ADC) used in the signal processing loop and will degrade the system performance if not dealt with properly [11] .
The concept of MFTN can be dated back to 2005 first proposed by Fredrik in [12] . By extending the time domain FTN to frequency domain (i.e., two-dimension packing), the Mazo limit, i.e., the minimal time-frequency spacing above which the minimum Euclidean distance can be kept as the Nyquist case, was shown to be better than the single carrier FTN case. However, due to the serious intersymbol interference (ISI) and intercarrier interference (ICI) introduced by time-frequency packing, current attentions are mainly focused on the low complexity signal detection or practical achievable spectral efficiency [13] - [16] , and the related works about the PAPR reduction for MFTN signals have rarely been conducted. In [17] , the PAPR of single carrier FTN has been considered, and it was shown that the low order modulations combined with FTN could achieve lower PAPR than the Nyquist high order modulation cases under the same spectral efficiency. The PAPR of spectral efficient frequency division multiplexing (SEFDM) signals has been investigated in [18] , and it showed that by introducing proper frequency packing, the SEFDM could achieve lower PAPR than conventional OFDM signals.
According to [19] , although the MFTN technique may be a spectral and energy efficient transmission scheme than conventional Nyquist signaling systems, there is still a high PAPR among MFTN signals, and as far as we know, no related works have been ever conducted to reduce the PAPR for MFTN signals.
On the other hand, the PAPR problem has been widely investigated for conventional Nyquist multicarrier systems. Due to the similarity between MFTN and the pulse shaping multicarrier transmission systems, such as PS-OFDM or filter bank multicarrier (FBMC), an intuitive way is to utilize the PAPR reduction schemes proposed for PS-OFDM or FBMC system to reduce the PAPR of MFTN signals. Existing PAPR reduction schemes for pulse shaping multicarrier signals can be mainly classified into two categories. The first one mainly relies on jointly processing the adjacent data blocks by incorporating the pulse shaping operation, such as the multiblock joint optimization for FBMC-OQAM signals proposed in [20] or segment partial transmit sequence (S-PTS) in [21] . Although an attractive PAPR reduction performance could be achieved by these schemes, they will also introduce biterror-rate (BER) performance loss due to the degradation of the time-frequency localization of the shaping pulse. The second one mainly relies on exploiting the PAPR reduction schemes intended for OFDM signals to DFT-based PS-OFDM or FBMC system before the pulse shaping operation, and it was shown that due to the finite length of the shaping pulse (in general four to eight times to the symbol period), the PAPR reduction performance is almost equivalent to the conventional OFDM system [22] . Moreover, in this regard, the time-frequency localization of the shaping pulse could be preserved completely at the same time, and which will be very helpful especially under the time and/or frequency dispersive channels.
In this paper, we investigate PAPR reduction for MFTN signals. Considering the serious ISI and ICI introduced by time-frequency packing in MFTN signaling system, we focus on the second kind of PAPR reduction scheme as mentioned before for MFTN signals. Since the adjacent subcarriers in MFTN signaling system are not orthogonal to each other anymore, an inverse fast Fourier transform (IFFT)-based MFTN transmitter is derived firstly. Based on which, we propose a novel PTS scheme for the PAPR reduction of MFTN signals. The proposed scheme relies on a two-stage optimization of the phase weighting factors for the parallel IFFT blocks as well as the information symbols before the summation operation. Our numerous simulation results validate that the proposed scheme could achieve substantially improved PAPR reduction performance than the direct employment of conventional Nyquist multicarrier transmission system-based PTS scheme.
The remainder of this paper is organized as follows. In Section II, we briefly introduce the preliminaries in terms of the MFTN signaling, the PAPR as well as the basic principles of PTS. The proposed PTS scheme is presented in Section III, and following which, the numerical results are given in Section IV. Finally, the conclusions are summarized in Section V. 
II. PRELIMINARIES A. MFTN SIGNALING AND PAPR

Fig. 1 shows the MFTN symbols over time-frequency grid.
We assume a baseband MFTN signaling system based on quadrature phase shift keying (QPSK) with K subcarriers, the modulated uncorrelated and identically distributed (u.i.d) information symbol a l,k with l being the time index and k is the subcarrier index, is passed through the shaping pulse g(t) and its time-frequency shifted versions. The transmitted linear modulation signal is given by
where the pulse g(t) is assumed to be an unit-energy real baseband pulse, i.e.,
F is the minimum orthogonal frequency spacing between adjacent subcarriers. For sinc pulse, we have F = 1/T , while for root raised cosine (RRC) pulse with roll-off factor β,we have F = (1 + β)/T . In MFTN signaling, the packed time interval is τ T ≤ T , and the packed frequency spacing is υF ≤ F, i.e., τ, υ ∈ (0, 1], and τ is the time interval packing factor, υ is the frequency spacing packing factor, respectively. When τ · υ = 1, it will be the classical Nyquist multicarrier transmission systems, such as PS-OFDM or FBMC, while for MFTN signaling, τ · υ < 1.
We remark that in this paper, we will mainly focus on the MFTN transmitter, and the detailed descriptions in terms of the MFTN receiver will be omitted here. The reader who may be interested in the MFTN receiver or practical MFTN signal detection schemes could refer to, for example, [1] , [2] .
The PAPR is a convenient parameter to measure the sensitivity to non-linear amplification of transmission schemes having a non-constant envelope. Similar as general multicarrier transmission systems [20] - [22] , we will focus on the PAPR in each MFTN symbol transmission time interval T = τ T , and the PAPR in the l-th symbol period is defined as
where E[·] is the expectation operation. In general, the PAPR performance can be evaluated by the complementary cumulative distribution function (CCDF) and which is defined as the probability that the PAPR exceeds a given level PAPR 0 > 0, i.e.,
B. PTS SCHEME
In PTS scheme, for the l-th symbol period, the input data block a l is partitioned into U disjoint subblocks, which are represented by the vectors a
where a
These partial sequences are independently rotated by the phase weighting factors P = {b u = e j2πm/M , m = 0, 1, . . . , M − 1}, where M is the number of phase weighting factors, and the objective of PTS is to optimally combine the U subblocks to obtain the time domain signals
l with the lowest peak value, which can be expressed as
where b = [b 0 , . . . , b U −1 ] is the vector of phase weighting factors. We remark that given the finite dimensionality of the subblocks {a
l }, exhaustive search will be adopted here to identify the optimal b.
III. PROPOSED PTS SCHEME
In order to exploit the PTS, we will firstly derive the IFFT-based implementation of the MFTN transmitter. 1 Assume that the frequency packing factor is a rational number, i. (7) where N is the Nyquist discrete time symbol interval and {a l,k } is a cK -dimensional vector with elements a l,k taking the values of either the input symbols a l,k or zero as [23] 
Due to the finite length of g [n] , for the l-th symbol period, s[n] can be expressed as 
where we used
is the index of the IFFT block and p is the subcarrier index of the d-th IFFT block, respectively. Equations (9)- (10) show that the MFTN signals can be equivalently implemented by the overlap-add operation including m windowed IFFT-based signals s i (n). While according to (10) , s i (n) can be obtained by c parallel IFFT blocks each with length K , and there is a phase rotation connected to the IFFT output before the summation operation. Finally, after forming a vector of the pulse length by stacking the phase rotated IFFT signals, this longer vector is multiplied element-wise by the pulse g. We remark that the receiver works in a similar way, but in the reversed order [24] , i.e., element-wise multiplication, reshaping the received symbol followed by a row-wise summation as well as proper phase rotations, and finally, c parallel K -point FFT.
Based on (10), we propose a novel PTS scheme to reduce the PAPR of MFTN signals and which works as follows. Firstly, in the i-th symbol period, the d-th data block vector 
It is easy to check that the optimization problem (11) including (U + 1)c phase weighting factors. In this regard, the complexity of exhaustive search for the optimal phase factors for per MFTN data block is on the order of O(M (U +1)c ) and the overhead of bits for the side information is equal to c(U + 1)log 2 M , which makes the exhaustive search method impractical. Due to this reason, we further propose to utilize the two-stage optimization scheme, i.e., by optimizing b d firstly and then, b , the complexity is thus reduced to O(cM U + M c ). Accordingly, the overhead of the side information can be reduced to log 2 (cM U + M c ) bits.
The block diagram of the proposed PTS scheme is shown in Fig. 2. 2 
IV. NUMERICAL RESULTS
In this section, we present the numerical results in terms of the practical PAPR reduction performance of the proposed PTS scheme. In the simulations, the MFTN signaling system uses K = 80 subcarriers and 10 4 simulations are executed to average the results. The RRC pulse with roll-off factor β = 0.3 and pulse length L g = 6T is employed as the base pulse. As a reference, the PAPR reduction performance of conventional PTS scheme as proposed in [22] is also presented, and which can be viewed as a special case of the proposed scheme with only the phase weighting factors optimization for IFFT operated date blocks in the first stage, i.e., the optimization of
Firstly, the PAPR reduction performance of MFTN signals under time packing factor τ = 0.8 and different frequency packing factors υ = 2/3 and υ = 4/5 is shown in Fig. 3 and Fig. 4. From Fig. 3 , we can see that there is a high PAPR among original MFTN signals. However, when utilizing the conventional PTS scheme, the PAPR reduction performance is not satisfactory. For example, when the number of phase factors is M = 2 and subblocks U = 4, there is only 0.2dB PAPR reduction compared with original MFTN signals at CCDF = 1 × 10 −3 . While for the proposed PTS scheme, the PAPR reduction is more than 1dB, and with the increase of M and/or U , the resulting PAPR reduction performance will be further improved accordingly. Moreover, according to Fig. 4 , we can see that it is almost ineffective to employ the conventional PTS scheme in MFTN signaling system no matter what the number of phase factors M or subblocks U is. The reason for this phenomenon is due to the PAPR reduction performance is jointly determined by the phase the number of phase factors M will turn to play a key role in determining the ultimate PAPR reduction performance. On the other hand, when the time packing factor is further reduced to τ = 0.6 as shown in Fig. 5 , we can see that the proposed scheme still substantially outperforms conventional PTS scheme.
Finally, we present the PAPR performance of the proposed scheme under different pulse lengths, i.e., L g = 4T , 8T , 16T , and frequency packing factors υ = 2/3, υ = 4/5 in Fig. 6 , where M = 2, U = 4 is employed. From it we can see that even owns better orthogonality of longer shaping pulse, the PAPR reduction performance of the proposed scheme under L g = 4T is asymptotically equivalent to L g = 16T for both υ = 2/3 and υ = 4/5, which further validates the proposed scheme is robust to the overlap-add operation induced by the shaping pulse. On the other hand, we may also conclude that the specific MFTN signal structure, such as the inherent phase rotation and summation operation will dominate the ultimate PAPR performance. Hence, for MFTN signaling system, the PAPR reduction scheme should be carefully designed by taking the specific signal structure into account.
V. CONCLUSION
In this paper, we investigated the PAPR reduction for spectral efficient MFTN signaling system. In order to avoid introducing additional interference, the distortionless PTS scheme has been taken into account. Specifically, we proposed a twostage optimized PTS scheme to reduce the PAPR of MFTN signals. The proposed scheme was based on the IFFT-based implementation of the MFTN transmitter. By optimizing the phase weighting factors for the parallel IFFT blocks as well as the phase weighting factors for the information symbols before summation operation, the proposed scheme could obtain substantial PAPR reduction performance improvement than conventional PTS scheme that mainly intended for Nyquist multicarrier transmission systems. In our future works, more low complexity PAPR reduction schemes which making use of the specific MFTN signal structure will be developed.
